I. INTRODUCTION
The role of water vapor in the Universe and on Earth is unique. For example, H 2 16 O is the dominant absorber in the Earth's atmosphere. On earth, water consists of a number of isotopologues: H 2 16 O ͑0.997 317͒, H 2 18 O ͑0.001 999 83͒, H 2 17 O ͑0.000 372͒, HD 16 O ͑0.000 310 69͒, HD 18 O ͑0.000 000 623͒, HD 17 O ͑0.000 000 116͒, and trace species such as HTO which are less important, where the numbers in parenthesis are the fractional abundance given by HITRAN-2004 . 1 Given that the concentration of H 2 16 O in the Earth's atmosphere can ranges from 2 ϫ 10 −6 % to 5%, 2 the HD 16 O concentration can be up to 0.0016%. HD 16 O thus can be compared to CO 2 whose concentration is about 0.032%. It is therefore important not to neglect the influence of HD 16 O, particularly because the absorption bands of HD 16 O are strongly shifted from those of the symmetric H 2 O isotopologues. Indeed, in many cases HD 16 O absorption occurs in atmospheric windows and microwindows. The growing realization of the importance of weak water lines in climatic models points toward the use of comprehensive ab initio line lists rather than partial experimental compilations for such models. [3] [4] [5] Determining the potential energy surface ͑PES͒ of a given molecule is an important task in chemical physics. For H 2 16 O many different PESs ͑Ref. 6-17͒ have been determined. Within the Born-Oppenheimer approximation these surfaces should also work for HD 16 O. However, HD 16 O shows strong non-Born-Oppenheimer effects, 18, 19 and high accuracy work requires explicit treatment of HD 16 O. Calculations on HD 16 O are much less advanced than those on H 2 16 O. Partridge and Schwenke 15 ͑PS͒ calculated HD 16 O line positions and associated line intensities, up to 15 700 cm −1 using their spectroscopically determined PES and an ab initio dipole moment surface ͑DMS͒. This work was later improved by the same authors who used a significantly better DMS. 20, 21 These calculations were repeated with better convergence by Tashkun and Tyuterev ͑spectra-.iao.ru͒, who extended the range up to 17 800 cm −1 . However, experimental studies extend into the near ultraviolet, 22, 23 and a number of problems remain at these higher frequencies. 24 Nowadays, ab initio calculations can provide very accurate PES for small molecules. The water molecule is a prototypical example, see Ref. 25 . The most accurate completely ab initio treatment of the rotation-vibration spectrum of HD 16 O was performed as part of a systematic study aimed at obtaining the most accurate ab initio PES for all isotopologues of water. 26 This work, which resulted in the so-called CVRQD ab initio ground-state adiabatic PES, 27 has led directly to the most accurate equilibrium structure for water and its isotopologues, 28 and an improved dipole surface. 29 These studies form the starting point for the present work. In this paper we report a spectroscopic potential energy surface of HD 16 O obtained by fitting to experimental term values. The corresponding fit has been restrained to remain close to the ab initio CVRQD PES. Previously this approach has been applied for constructing "spectroscopic" potentials of different systems, [30] [31] [32] [33] but never using ab initio data of such high accuracy.
II. FITTING PROCEDURE
A. Refinement of the potential Table I shows vibrational term values of HD 16 O computed using the ab initio CVRQD potential energy surface. 26, 27 These are compared with the available experimental data, which are reproduced extremely well; the rootmean-square ͑rms͒ error for all the observed vibrational term values is less than 2 cm −1 . Similar results are obtained for rotational term values, see Table II , for an example. This ab initio PES, which is designed to cover the region up to 30 000 cm −1 above equilibrium, therefore provides a good starting approximation for an empirical improvement.
The ab initio CVRQD potential energy is given by Ref.
as
V = V CBS + V CV + V MVD1 + V D2 + V Breit + V QED + V BODC ,
͑1͒
where V CBS represents the dominant complete basis set ͑CBS͒ extrapolation of the valence-only surface. The other terms represent the small corrections. These are the corevalence ͑V CV ͒, relativistic ͑V MVD1 + V D2 + V Breit ͒, BornOppenheimer diagonal ͑V BODC ͒, and quantum electrodynamic ͑V QED ͒ corrections, see Ref. 27 for further details. All these terms were used unaltered in the fit below. It should be noted that, unlike all other terms in the PES, the BornOppenheimer diagonal correction for HD 16 O has lower symmetry than that of H 2 16 O, 18 and its inclusion is therefore vital for a proper treatment of HDO. The asymmetric terms were expressed using odd powers of the asymmetric stretch coordinate, s 2 below.
The V CBS part was constructed as a CBS extrapolation from aug-cc-pV5Z and aug-cc-pV6Z multireference configuration interaction ab initio calculations 26, 27 and was fitted using Here we utilize the polynomial coefficients f ijk in Eq. ͑3͒ to modify the PES. These coefficients will be referred to as potential parameters below. The order of the polynomial, N p used in the previous fit to the ab initio data 27 is 11 giving 113 parameters f ijk which we vary in the fit. The nonlinear parameter ␤ was frozen equal to 2.0 ͑Refs. 15 and 27͒ in all fits.
We impose an additional constraint requiring that the refined PES remains relatively close to the ab initio PES. By doing this we prevent our surface distorting into unrealistic shapes in regions not well characterized by the experimental data. Technically this is done by simultaneous fitting of the potential parameters f ijk both to the observed data E l obs. and to the ab initio energies V m ai . Here l is a short-hand notation for the rotation-vibration quantum numbers ͑J , K a , K c , v 1 , v 2 , v 3 ͒ and m denotes a geometry grid point. This approach has been discussed in details in Ref. 30 and is briefly outlined here. We note that the high quality of the starting potential and, in particular, the reliability with which it reproduces the observed equilibrium geometry 28 make it particularly appropriate for this approarch.
Usually the available information on the ab initio energies does not sample all relevant geometries. Therefore, in practice, instead of using the original ab initio energies we prefer to deal with ersatz data, i.e., data generated using the analytical representation. Assuming that the CVRQD PES provides a reasonable description of the ab initio data in the spectroscopically important range of geometries, we generate a grid of potential energy points, here referred to as an ab initio PES. The grid consists of 2000 points covering the following geometries: r i ͑i =1,2͒ = 0.85...1.30 Å and = 60°...170°. With these additional 2000 constraints all 113 f ijk parameters are well defined independent of the number of experimental energies. Even in the extreme case of a single experimental energy, fitting all 113 parameters would still be well defined.
In the refinement, r e and e are kept fixed at 0.958 649 Å and 104.3475°. Required for efficient fitting are the first derivatives of the energies E l calc. with respect to the fitting parameters. These are computed using the Hellmann-Feynman theorem, 34 
where H rv is the rotation-vibration Hamiltonian and ⌿ l is the eigenfunction corresponding to the eigenvalue E l . In Eq. ͑7͒ we use the fact that the Hamiltonian ͑and the potential energy function͒ is a linear function of f ijk . The derivatives ͑gradients͒ of the potential energy function are computed using the finite difference method. The three-dimensional integration implied by Eq. ͑7͒ is performed numerically.
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B. Nuclear motion procedure
All rotation-vibration calculations were performed using the DVR3D program suite 35 in Radau coordinates. The discrete variable representation ͑DVR͒ grid in the angular coordinate is based on ͑associated͒ Legendre polynomials, while the radial grid points are set up using Morse oscillatorlike functions 36 as the underlying basis sets. The functions are defined in terms of parameters, r e , e , and D e . 35 In contrast with H 2 16 O, HD 16 O requires not three, but six Morse oscillator parameters to be determined: three for the OH bond and three for the OD bond. To determine these parameters we fixed three for one bond and made a series of calculations varying the other three, mainly r e and e to which the results are particularly sensitive. After finding parameters which minimize the energies of the states below 25 000 cm −1 , the procedure was repeated for the parameters of the other bond. The set of parameters giving the best result was r e = 2.05a 0 , e = 0.0078 a.u., and D e = 0.20E h for OH and r e = 1.82a 0 , e = 0.0081 a.u., and D e = 0.18E h for OD. Their values agree well with those optimized for calculations on H 2
16
O for a similar energy range. 37 The final DVR grid used was given by 30 points in each of the two radial coordinates and 48 ͑associated͒-GaussLegendre points in the angular coordinate. The convergence of this grid was determined by tests performed for calculations with J = 0, 3, and 10; we also checked agreement with experimental data up to 25 000 cm −1 . 22 A final vibrational Hamiltonian of dimension of 4000 was used for all calculations reported below. For levels below 24 000 cm −1 this is sufficient to get well converged results; above this convergence errors of about 0.1 cm −1 are found up to 24 000 cm −1 , and more above that energy. DVR3D has options to embed the body-fixed z axis along the Radau coordinate approximating either the OH or the OD bond. 35 Tests showed that embedding this axis close to the OH bond gave faster convergence for rotationally excited states. For these calculations we used a basis of 1500ϫ ͑J +1− p͒ functions taken from the first step of the calculation, 35 where ͑−1͒ J+p gives the parity. This basis gave good convergence for J = 3 levels up to 25 500 cm −1 and J = 10 levels up to 23 000 cm −1 , which is sufficient for the fit. At high levels of excitation it is not always readily apparent what the correct vibrational quantum numbers are for a particular state. Initial vibrational quantum numbers were selected using the overlap of the wave function with a simple product of one-dimensional functions generated from cuts through the PES which pass through the equilibrium geometry. Using this method each state was given a unique label although in practice there is some ambiguity about labeling some of the higher lying states.
C. Experimental data
An important preliminary task for the spectroscopic determination of a PES is to collect the available experimental data. Here we attempted to use all published data plus some of our own unpublished results.
For energy levels below 8000 cm −1 we use all the data made available electronically by Toth. 38 These data come from a series of papers by Toth and co-workers [39] [40] [41] [42] [43] [44] and span levels of the vibrational states ͑000͒, ͑010͒, ͑100͒, ͑020͒, ͑001͒, ͑110͒, ͑030͒, ͑011͒, ͑120͒, ͑021͒, ͑200͒, ͑101͒, ͑210͒, and ͑002͒. Further data, including the band origin of ͑040͒, were taken from Parekunnel et al. 45 Finally energy levels from the weak ͑050͒ and ͑130͒ bands were taken from Ulenikov et al. 46 and Macko et al. 47 In the near infrared and visible region there are series of long path length studies by Campargue and co-workers, [48] [49] [50] [51] [52] [53] [54] [55] that mostly used intracavity laser absorption spectroscopy ͑ICLAS͒. This work contains assignments to about 30 vibrational bands, including the highest bending state ͑0 12 0͒ so far observed for any isotopologue of H 2 O. These ICLAS studies are deep, that is, probe very low intensity transitions, but only cover very limited wavelength ranges.
More comprehensive spectra have been recorded using Fourier transform spectrometers. 23, 56 Here we use data from our recent ͑re-͒assignment of these spectra 57 which cover an extended region from 11 500 to 23 000 cm −1 . We also used a series of near infrared studies by Hu and co-workers. [58] [59] [60] The highest HD 16 O energy levels studied to date are by Theule et al., 22 who used a two photon technique 61 to probe levels at about 25 140 cm −1 . We recently showed that these levels belong to the ͑107͒ vibrational state. 57 Finally ͑050͒-͑000͒ transitions of HD 16 O in region of 6000-7000 cm −1 have been recorded by Brenda Winnewisser and co-workers in a study analogous to their work on the spectrum of D 2 O. 62, 63 These still unpublished data were assigned by us and also used in the fit.
After collecting all the observed data we made a multilayer check of the levels. Comparisons were made with energy levels calculated using the PS PES; checks were made on levels by J, parity, and energy so that we could exclude misassignments and other mistakes from the experimental data. In particular, any level which differed by more than 1 cm −1 was regarded as suspicious. At least 200 levels were excluded from the data set for a variety of reasons, leaving 4495 experimental levels with J ഛ 10; the 3478 levels which have J ഛ 8 were used in the fit.
D. The fit
The two sets of data ͑experimental and ab initio͒ are different in nature. Their compatibility is provided by special weight factors assigned to the experimental ͑W i exp ͒ and the ab initio ͑W i ai ͒ parts. The ratio parameter R = W i exp / W i ai controls the relative importance of the two input data sets. For example, an R = 0 corresponds to a fitting to the ab initio energies only, while for 1 / R = 0 the refinement is completely unconstrained, and the surface is adjusted only to the experimental data. An optimal value of R = 100 was obtained in a linear search as follows. We started the refinement with a small value ͑R = 0.000 01͒ only fitting to the HD 16 O J =0 levels, see Table I . Then we tried a larger R ͑0.0001͒ using the refined potential parameters from the previous step as an input. Continuing this procedure until we reached convergence we arrived at the value R = 100. Using this value we included in the fittings J =1, J = 2, and so on, each time using obtained f ijk as an input. Finally at the J = 8 fitting step, which included 3478 experimental levels, we switched again to the linear search of the optimal R value. To our surprise, by gradually improving the overall rms error we arrived at the 1 / R = 0 limit, i.e., to an unconstrained fit.
The final potential, which we refer to as HDOគ07, reproduces the experimental term values with the rms error of 0.0347 or 0.039 cm −1 for only the J = 0 levels. Term values below 14 000 cm −1 that were included in the fitting are well reproduced, typically within 0.02 cm −1 , while there are errors of 0.14 cm −1 for the stretching band ͑006͒ for which 50 levels with J ഛ 8 were included in the fit. Table I compares our vibrational band origins calculated from the HDOគ07 PES with results from other potentials and observations. Since the previous studies using the PS potential 15, 20, 21 are not converged at high energies, the PS results presented in Tables I and II are our own calculation. A full list of predicted band origins, with vibrational assignments, for both the HDOគ07 and ab initio CVRQD potentials are given in the electronic archive. 64 Computed term values for J =3, p = 0 levels are listed in Table II ; our new surface reproduces the measured values with a standard deviation of 0.03 cm −1 . A similar comparison is given in Fig. 1 for the 169 experimental levels with J = 12, p = 0. These levels were not used in the original fit; however, the HDOគ07 surface predicts these states accurately, giving = 0.045 cm −1 . It should be noted that for higher J values rotational nonadiabatic effects are expected to become important; 14 these have been neglected in the present study.
The resulting spectroscopic surface shows a rms deviation of 19.5 cm −1 from the reference ab initio energies, which is illustrated on Figs. 2 and 3 for different molecular geometries. Our best fit parameters f ijk are given as supplemented materials 64 in the form of a FORTRAN program which reproduces our fitted HD 16 O PES. It should be noted that although our final fit was uncon-strained by the ab initio data ͑1 / R =0͒, it was only by imposing the ab initio constraint that we were able to reach this point. Apparently we have found one of the possible minima of the fitting problem we defined, although not necessarily the lowest one. It is difficult to prove that our potential does not suffer from artificial ripples or bulges as a result of the fitting process but our graphical inspection showed no evidence of this behavior, and we believe that our fitting procedure should act to reduce the likelihood of this occuring in spectroscopically important regions of the potential.
III. RESULTS AND COMPARISON WITH PREVIOUS WORK
The standard deviation of 0.035 cm −1 for the HDOគ07 potential presented here can be compared to 0.45 cm −1 for the PS potential 20 and 1.9 cm −1 for the CVRQD ab initio potential 26, 27 for the same data. The maximum and minimum deviations show similar characteristics. Our potential therefore reproduces the observed levels to much higher accuracy, giving the HDOគ07 potential a major advantage for both assigning and modeling spectra.
The ability to reproduce the observed energy levels is one important quality of a PES. However, there are other observations sensitive to the PES such as the intensities of vibration-rotation transitions. These are particularly sensitive in regions where there is a resonant interaction between states belonging to two distinct vibrational bands. Figure 4 illustrates the improvement given by our potential. The upper panel in this figure gives transitions in the Q branch of the ͑013͒-͑000͒ band. This band is mostly isolated and calculations with two distinct spectroscopically determined potentials ͑Ref. 15 and here͒ and two distinct ab initio dipole moment surfaces 20, 29 ͑DMS͒ all reproduce the observed intensities satisfactorily. Conversely the lower panel gives the corresponding results for the ͑330͒-͑000͒ band. This band has a strong accidental resonance interaction with the stronger ͑013͒-͑000͒ band. The intensities of transitions with the ͑330͒-͑000͒ band are therefore very sensitive to details of the PES used in their calculation although, as shown in the figure, they are much less sensitive to the precise DMS used. It is clear that our fit reproduces the resonance interactions between these in a significantly more satisfactory manner than the fit of Partridge and Schwenke.
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IV. DISCUSSION AND CONCLUSION
We have used 3478 experimentally determined energy levels of HD 16 O to adjust 113 parameters of an initially ab initio potential energy surface. Ab initio data were also used to initially constrain this fit, although it was not required for the final iteration, and therefore this procedure can be thought of as a process of guiding the fit toward a ͑local͒ minimum, where the fit does not unreasonably distort the potential in regions not constrained by the observed data. It should be noted that during this fit no account was made of the errors in the experimental data although this differs significantly between the energy levels. This was not deemed necessary as the published errors are all smaller than the standard deviation found here. However, this will no longer be true if further significant improvement of the fit is to be made. It would be desirable to perform future fits with energy levels whose errors have been systematically and simultaneously determined. 67 To do this it will be necessary not only to account for statistical errors but also to deal with systematic errors such as the calibration differences between spectra recorded in different laboratories which have recently been found to give shifts as large as 0.01 cm −1 .
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In order to improve on the properties of the best available ab initio ground electronic state potential energy surface of HD 16 O, we empirically adjust it by fitting to available high resolution observed spectroscopic data for HD 16 O. In this process a standard problem is that there is insufficient experimental data to unambiguously define all the important potential parameters. There are a number of methods of overcoming this problem. The most obvious one is to fix some parameters either to their ab initio values or simply to zero. Although such fits usually improve the calculated energies, the constraints can lead to unpredictable, and often unphysical, features in the PES in regions poorly sampled by the experimental data. Another method of reducing the number of fitting parameters is to use a morphing function. 6, 68, 69 In our approach we impose constraints by requiring the PES to stay close to the ab initio surface. In this way we can better control the shape of PES and circumvent a possible shortage of experimental data as they are supplemented by the ab initio information. Although our method of refining a PES is not unique, it results in a very practical method of using spectroscopic data which improves the accuracy of the PES, where it is well studied and retains the predictive properties of the underlying ab initio PES. However, we do not claim that our fit improves the ab initio surface, i.e., that our spectroscopic surface is closer to the "true" PES of HD 16 O, in regions which are not probed by the available spectroscopic data. In order to illustrate this point Table I computed both from the original ab initio PES and from our new PES. If we used only the latter information to assess the quality of surfaces, the spectroscopic PES would seem only about 0.1 cm −1 away from the true PES of HD 16 O, while the ab initio PES is within 5 -6 cm −1 . However, the scattering V ai − V fit indicates that the actual range of accuracy is essentially larger. It is possible that a different analytical representation could provide better physical properties of the refine- Table I are also shown: the squares represent the DVR3D results obtained using the original ab initio PES ͑last column of Table I͒ , whereas the circles indicate results obtained with the refined PES ͑column 5 of Table I͒. ment. More extensive and accurate ab initio data would be also a great help. 
